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S2 Appendix. Invasion implies trait substitution.

In this appendix, by using the method of Lyapunov function, we show that a successful
invasion generally cause a trait substitution. First, by simply exchanging the roles of
the resident and mutant prey, we obtain another invasion fitness f̃1(x1, y1, x2), i.e.,

f̃1(x1, y1, x2) = r(x1)− kN∗
m(y1, x2)− a(x1 − x2)P

∗(y1, x2), (1)

where N∗
m(y1, x2) and P ∗(y1, x2) are described as in (4) of main text by simply

replacing x1 with y1. Because the traits y1 and x1 are very similar to each other,
expanding f1(y1, x1, x2) in Taylor series around y1 = x1 and using the fact that
f1(x1, x1, x2) = 0, we get

f1(y1, x1, x2) = f1(x1, x1, x2) +
∂f1(y1, x1, x2)

∂y1

∣∣∣∣
y1=x1

(y1 − x1) +O
(
|y1 − x1|2

)
= (r′(x1)− a′(x1 − x2)P

∗(x1, x2))(y1 − x1) +O
(
|y1 − x1|2

)
.

(2)

Similarly, expanding f̃1(x1, y1, x2) in Taylor series around y1 = x1 and using the fact

that f̃1(x1, x1, x2) = 0, we obtain

f̃1(x1, y1, x2) = f̃1(x1, x1, x2) +
∂f̃1(x1, y1, x2)

∂y1

∣∣∣∣∣
y1=x1

(y1 − x1) +O
(
|y1 − x1|2

)
= −(r′(x1)− a′(x1 − x2)P

∗(x1, x2))(y1 − x1) +O
(
|y1 − x1|2

)
.

(3)

Thus, from (2) and (3), it can be seen that generally for y1 adequately close to x1 and

x1 is not an evolutionarily singular strategy, then f1(y1, x1, x2) and f̃1(x1, y1, x2) are
of opposite sign.

Next, by using the method of Lyapunov function, we show that if x1 is not an
evolutionarily singular strategy and f1(y1, x1, x2) > 0, then the boundary equilibrium
(P ∗(y1, x2), 0, N

∗
m(y1, x2)) of the model (1) in S1 Appendix is globally asymptotically

stable in R3
† = {P > 0, N ≥ 0, Nm > 0}, which implies that a successful invasion cause
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a trait substitution. For simplicity, we use P ∗ and N∗
m instead of P ∗(y1, x2) and

N∗
m(y1, x2). The Lyapunov function is as following

V1 =

(
P − P ∗ − P ∗ ln

P

P ∗

)
+ bN + b

(
Nm −N∗

m −N∗
m ln

Nm

N∗
m

)
. (4)

It is clear that V1 ≥ 0 and the equality holds only for (P,N,Nm) = (P ∗, 0, N∗
m).

Furthermore, the time derivative of V1 along solutions of model (1) in S1 Appendix is
give by

dV1

dt
= (P − P ∗)

1

P

dP

dt
+ b

dN

dt
+ b (Nm −N∗

m)
1

Nm

dNm

dt

= (P − P ∗) (ba(x1 − x2)N + ba(y1 − x2)Nm −m(x2)− cP )

+ bN (r(x1)− k(N +Nm)− a(x1 − x2)P )

+ b (Nm −N∗
m) (r(y1)− k(N +Nm)− a(y1 − x2)P )

= (P − P ∗) (ba(x1 − x2)N + ba(y1 − x2)(Nm −N∗
m)− c(P − P ∗))

+ bN (r(x1)− kN∗
m − a(x1 − x2)P

∗)

+ bN (−kN − k(Nm −N∗
m)− a(x1 − x2)(P − P ∗))

+ b (Nm −N∗
m) (−kN − k(Nm −N∗

m)− a(y1 − x2)(P − P ∗))

= bNf̃1(x1, y1, x2)− c(P − P ∗)2 − bk(N +Nm −N∗
m)2.

(5)

From the proof of the first part, we can see that if f1(y1, x1, x2) > 0, then

f̃1(x1, y1, x2) < 0. Thus, if f1(y1, x1, x2) > 0, we have dV1/dt ≤ 0 in R3
†. Moreover, it

can be seen that dV1/dt = 0 if and only if (P,N,Nm) = (P ∗, 0, N∗
m). By the invariance

principle of Lyapunov-LaSalle, we can see that if x1 is not an evolutionarily singular
strategy and f1(y1, x1, x2) > 0, then the boundary equilibrium
(P ∗(y1, x2), 0, N

∗
m(y1, x2)) is globally asymptotically stable.

Similarly, it can be shown that if f2(y2, x1, x2) > 0 and the trait x2 is not an
evolutionarily singular strategy, then a successful invasion will cause a trait
substitution of the predator species.
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